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We call $\mathrm{a}$ function $\mathrm{f}\mathrm{r}\mathrm{o}\ln\omega^{<\omega}$ to $\omega \mathrm{a}$ , predictor. A predictor $\pi$
predicts $f\in\omega^{\omega}$ constantly if there is $n<\omega$ such $\mathrm{t}\mathrm{h}\mathrm{a},\mathrm{t}$ for all $i<\omega$
there is $j\in[i, i+n)$ with $f(j)=\pi(f\mathrm{r}j)$ . $\theta_{\omega}$ is the slnallest size of
a set $P$ of predictors such that every $f\in\omega^{\omega}$ is constantly predicted
by sollle predictor in P. $\theta_{\mathrm{u}\mathrm{b}\mathrm{d}}$ is the slna,llest cardinal $\kappa$ satisfying the
following: For every $b\in\omega^{\omega}$ there is a, set $P$ of predictors of size $\kappa$ such
$\mathrm{t}\mathrm{h}\mathrm{a},\mathrm{t}$ every $f \in\prod_{n<\omega}b(n)$ is constantly predicted by some predictor
in $P$ . We prove $\mathrm{t}\mathrm{h}\mathrm{a},\mathrm{t}\theta_{\mathrm{u}\mathrm{b}\mathrm{d}}$ is consistently $\mathrm{s}\mathrm{m}\mathrm{a}$,ller $\mathrm{t}\mathrm{h}\mathrm{a}|\mathrm{n}\theta_{\omega}$ .
1 Introduction
Blass [2] introduced a colllbina,torial concept called ($‘ \mathrm{p}\mathrm{r}\mathrm{e}\mathrm{d}\mathrm{i}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{g}\mathrm{a}\mathrm{n}\mathrm{d}$ evading”
There a,re some cardina,1 invaria,nts a,ssocia,ted with this notion, and the re-
$-$
la,tions to well-known cardinal invariants, especially those which appear in
Cich($1’1’ \mathrm{s}\mathrm{d}\mathrm{i}\mathrm{a},\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{l}\mathrm{I}\mathrm{l}$ , were studied by Blass, Brendle, Shelah and othels. (See,
for exalllple, [2, 3, 4].)
$\mathrm{K}\mathrm{a}‘ \mathrm{n}\mathrm{l}\mathrm{O}[5,6]$ introduced the notion of ( $‘ \mathrm{c}\mathrm{o}\mathrm{n}\mathrm{S}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{t}$ prediction” and defined
cardina.1 inva,ria‘llts $\theta_{I\backslash }.$, for $2\leq K\leq\omega$ . $\mathrm{T}\mathrm{h}1^{\backslash }\mathrm{O}\mathrm{U}\mathrm{g}\mathrm{l}\mathrm{l}\mathrm{O}\mathfrak{U}\mathrm{t}$ this paper, we $\mathrm{c}\mathrm{a}11$ a
function $\pi \mathrm{f}\mathrm{i}^{\backslash }\mathrm{o}111\omega<\omega$ to $\omega$ a predictor, a,nd $\mathcal{P}$ denotes the set of a,ll predictors.
Definition 1.1. $\Gamma^{l}\mathit{0}1^{\cdot}\pi\in P$ a,nd.$f\cdot\in\omega^{\omega}$ , we sa,$\mathrm{y}\pi$ predicts.f constantl,$y$
if there is $?l<\omega$ such that for a,ll $i<\omega$ there is $j\in[i, i+n)$ satisfying
.$f(j)=\pi$ ( $.f\cdot$ A $j$ ).
Key ivords and Phrase: predictor, $\mathrm{b}\mathrm{l}\mathrm{o}(\backslash \mathrm{A}$ branching Miller forcing, countable support,
iteration.
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Definition 1.2. Let $2\leq K\leq\omega$ . $\theta_{I_{1}’}$ is the s,ma,llest size of $P\subseteq \mathcal{P}$ such tllat
for every function.$f\in I\mathrm{i}^{\prime\omega}\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{l}\cdot \mathrm{e}$ is a predictor $\pi\in P\mathrm{p}_{\mathrm{l}\mathrm{e}\mathrm{d}}\mathrm{i}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{g}.f$constantly.
It is ea.sily seen tha,t $\theta_{2}\leq\theta_{3}\leq\cdots\leq\theta_{\omega}\leq 2^{\omega}$ .
’
Let us recall the definitions for several $\mathrm{c}\mathrm{a}$,rdinal $\mathrm{i}\mathrm{n}\mathrm{v}\mathrm{a}\mathrm{l}\cdot \mathrm{i}\mathrm{a},\mathrm{n}\mathrm{t}\mathrm{S}\mathrm{f}\mathrm{r}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{l}$ Cichot’s
diagra,1I1. $\mathrm{c}\mathrm{o}\mathrm{v}(\mathcal{M})$ (respectively $\mathrm{c}\mathrm{o}(\lambda’)$ ) is the slnallest size of a set of ineager
(respectively null) sets of $\mathrm{r}\mathrm{e}\mathrm{a}$ ,ls wllose union covers the real line. non $(\mathcal{M})$ is
the $\mathrm{S}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{a},1\mathrm{l}\mathrm{e}\mathrm{s}\mathrm{t}$ size of a nonlllea,ger set. $\mathrm{C}\mathrm{o}\mathrm{f}(\Lambda’)$ is the slnallest size of a basis
for the $\mathrm{i}\mathrm{d}\mathrm{e}\mathrm{a},1$ of null sets. For.$f,g\in\omega^{\omega},$ $.f\leq*g\mathrm{i}\mathrm{f}.f\cdot(n)\leq g(\uparrow\iota)$ for all but
finitely lllany $\eta<\omega$ , and $V$ is the slllallest size of a cofinal subset of $\omega^{\omega}$ with
respect to $\leq*$ . It is known that $\omega_{1}\leq \mathrm{c}\mathrm{o}\mathrm{v}(\mathcal{M})\leq \mathfrak{d}\leq \mathrm{c}\mathrm{o}\mathrm{f}(\lambda^{(})\leq 2^{\omega}$ and
$\omega_{1}\leq \mathrm{n}\mathrm{o}\mathrm{n}(\mathcal{M})\leq \mathrm{c}\mathrm{o}\mathrm{f}(N)$ . (See [1] for deta,ils.)
Kamo [6] $1)\mathrm{o}\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{e}\mathrm{d}$ out that $\mathrm{c}\mathrm{o}\mathrm{v}(\mathcal{M})\leq\theta_{2},$ $\mathrm{c}\mathrm{o}\mathrm{V}(N)\leq\theta_{2}$ and non $(/\vee[)\leq\theta_{\omega}$ .
Also, he proved the following consistency results.
Theoreln 1.3. 1. [5, Theorem 2.1] It is consistent that $\mathrm{c}\mathrm{o}\mathrm{f}(N)=\omega_{1}$ and
$\theta_{2}=\omega_{2}=2^{\omega}$ .
2. [6, Corolla,ry 2.2] It is consistent that $\theta_{\omega}=\omega_{1}$ and $\mathfrak{D}=\omega_{2}=2^{\omega}$ .
3. [5, The$(\Gamma \mathrm{e}\ln 4.2$ ] It is $co\uparrow\iota Si_{S}f^{\rho-},-,lt$ that $\theta_{I_{\mathrm{Y}}’}=\omega_{1}$ for $2\leq K<\omega$ and
$\theta_{\omega}=\omega_{2}=2\omega$ .
Here we introduce another $\mathrm{c}\mathrm{a}\mathrm{r}\mathrm{c}\mathrm{l}\mathrm{i}_{11\mathrm{a}}1$ inva,riant $\theta_{\mathrm{u}\mathrm{b}\subset 1}$ by the following.
Definition 1.4. Let $b\in\omega^{\omega}$ . $\theta_{b}$ is the $\mathrm{S}\mathrm{l}\mathrm{I}\mathrm{l}\mathrm{a},1\mathrm{l}\mathrm{e}\mathrm{s}\mathrm{t}$ size of $I^{J}\subseteq \mathcal{P}$ such that
for every $\mathrm{f}\iota\iota \mathrm{n}\mathrm{C}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}.f\cdot\in\prod_{i<\omega}b(i)$ there is a predictor $\pi\in P1$) $\mathrm{r}\mathrm{e}\mathrm{d}\mathrm{i}\mathrm{C}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{g}.f$ .
consta,ntly. Let $\theta_{\mathrm{t}\mathrm{l}1_{\mathrm{J}(\iota}}=\mathrm{s}\mathrm{u}_{1^{\mathrm{J}\{\theta_{b}:b}}\in\omega^{\omega}$ }.
It is easily seen that, $\theta_{I\mathrm{t}^{-}}\leq\theta_{\mathrm{u}\dagger,\mathrm{d}}\leq\theta_{\omega}\mathrm{f}\mathrm{o}1^{\backslash }2\leq K<\omega$ , and $\theta_{\omega}\leq$
$111\mathrm{a}\mathrm{x}\{\theta_{\mathrm{u}\mathfrak{l}_{\mathrm{J}}1}, \mathfrak{d}\mathfrak{c}\}$ .
In the lllodel constructed in the proof of Theoren] 1.3(3), $\mathrm{C}\mathrm{o}\mathrm{f}(\Lambda’)=\omega_{1}$
holds [6]. By the rela,tions $\theta_{\omega}\leq 111\mathrm{a},\mathrm{x}\mathrm{f}^{\theta\}}\mathrm{u}\mathrm{b}\mathrm{d},$$\mathfrak{D}$ a,nd $\mathfrak{d}\leq \mathrm{C}\mathrm{o}\mathrm{f}(N),$ $\theta_{\mathrm{u}}\mathrm{b}\mathrm{c}\iota$ lnust be,
$\omega_{2}$ ill this lllodel. This shows the consistency of “ $\theta_{I\mathrm{i}^{-}}=\omega_{1}$ for $2\leq K<\omega$
a,nd $(j_{11}\mathrm{i})\mathrm{d}=\omega_{2}=2^{\omega}$”
In this $\mathrm{p}\mathrm{a}$,per we will prove the $1\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{S}\mathrm{i}_{\mathrm{S}\mathrm{t}\mathrm{e}}\mathrm{n}\mathrm{c}\mathrm{y}$ of (( $\theta_{\iota\iota}|\mathrm{J}(\iota=\omega_{1}$ and $\theta_{\omega}=$
$\omega_{\mathit{2}}=2^{\omega}$
” We $\mathrm{i}\mathrm{n}\mathrm{t}_{1}\cdot \mathrm{o}\mathrm{d}\mathrm{u}\mathrm{c}\mathrm{e}$ a. new forcing notion called block branching AIiller
forcin.$q$ . The required nlodel is obta,ined by counta,ble support $\mathrm{i}\mathrm{t}\mathrm{e}1^{\backslash }\mathrm{a}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}}$ of
$\mathrm{b}1\mathit{0}$ ck $\mathrm{b}\mathrm{r}\mathrm{a}$,nching Miller forcing of length $\omega_{2}$ over a lllodel of $\mathrm{C}\mathrm{H}$ .
$()\mathrm{u}\mathrm{r}$ nota,tion is $\mathrm{s}\mathrm{t}\mathrm{a}$,nda,rd and we $\mathrm{r}\mathrm{e}\mathrm{f}\mathrm{e}_{d}\mathrm{r}\mathrm{t}1_{1}\mathrm{e}1^{\cdot}\mathrm{e}\mathrm{a}\mathrm{d}\mathrm{e}\mathrm{l}$ . to $[\rfloor]$ for undefined
11 $()\mathrm{t}\mathrm{i}()1\mathrm{l}‘ \mathrm{s}$ .
Let $\mathrm{P}$ be, a forcing notion, $p\in \mathrm{P},.$ alld.j a $\mathrm{P}$-nallley for a functitl] in $\omega^{\omega}.$ We,
$\mathrm{s}\mathrm{a},\mathrm{y}/1\in\omega^{\omega}$ is an interpretation of.$f$ below $p$ if there is a decreasing sequence
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$\langle_{l^{J_{7}}}\iota : \uparrow?, <\omega\rangle$ of conditions in $\mathrm{P}$ such $\mathrm{t}\mathrm{h}\mathrm{a},\mathrm{t}p\mathrm{o}.\leq p$ a,nd $p_{n}|\vdash_{\mathrm{P}}$ “.$f(n=/x[n$” for
$\mathrm{e}\mathrm{a}\mathrm{c}\mathrm{l}\mathrm{l}\uparrow|,$ $<\omega$ .
I-Ie] $\mathrm{e}$ we review several notations concerning trees. For a tree $T$ and $s\in T$ ,
$\mathrm{s}\mathrm{u}\mathrm{c}\mathrm{c}_{T}(S)$ is $\mathrm{t}\mathrm{l}?\mathrm{e}$ set of a,ll $\mathrm{i}_{\mathrm{l}\mathrm{n}\mathrm{l}\mathrm{I}1}\mathrm{C}\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{t}\mathrm{e}$ successors of $s$ in T. $s\in T$ is called $a$
$.-\mathrm{s}p/itt_{?},\uparrow lg$ nodc in $T$ if $|\mathrm{s}\mathrm{u}\mathrm{c}\mathrm{c}_{\tau}(S)|>1$ . split(T) is the set of a,ll splitting nodes
in $T$ , and stem $(T)$ is the least node of split $(T)$ .
Definition 1.5. For a tree $H\subseteq\omega^{<\omega}$ , let
1. ${\rm Max}(H)=$ { $s\in If$ : for a,ll $i<\omega,$ $s-\langle?,\rangle\not\in H$ },
2. $\mathrm{B}(H)=\{ |s| : s\in \mathrm{s}\mathrm{p}\mathrm{l}\mathrm{i}\mathrm{t}(If)\cup{\rm Max}(H)\}$ , and
3. Lim(If) $=$ { $.f\cdot\in\omega^{\omega}$ : for a,ll $i<\omega,$ $.f\cdot|i\in H$ }.
Definition 1.6. We say a tree $H\subseteq\omega^{<\omega}$ is skiq) branching if for all $s\in$
$\mathrm{s}\mathrm{p}^{1\mathrm{i}}\mathrm{t}(H),$ $\mathrm{S}\mathrm{u}\mathrm{c}\mathrm{C}_{H}(s)\cap(\mathrm{s}\mathrm{p}^{1}\mathrm{i}\mathrm{t}(H)\cup{\rm Max}(If))=\emptyset$.
Ill the following sections we use the following $\mathrm{c}\mathrm{t}$) $11\mathrm{l}\mathrm{b}\mathrm{i}\mathrm{n}\mathrm{a},\mathrm{t}\mathrm{o}\mathrm{r}\mathrm{i}\mathrm{a},1$ lellllllata.
For $a\in[\omega]^{\omega}$ , let $\Gamma_{rx}\in\omega^{\omega}$ be the increasing enulnera,tion of $a$ .
$\mathrm{D}\mathrm{e}\mathrm{f}\mathrm{i}1^{\cdot}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}1.7$. For $a\in[\omega]^{\omega}$ and $g\in\omega^{\omega}$ , we sa,$\mathrm{y}$ $a$ is $g$‘-thin if $g(i)<\mathrm{I}_{a}^{\urcorner}(i)$for all $\uparrow<\omega$ .
Lennllla 1.8. $[6, \mathrm{L}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{a}2.3]$ For $a?lyg\in\omega^{\omega}$ ) there is a countable sequence
$\langle g_{?}. : i<\omega\rangle$ of.$f_{l,?l}ctio\uparrow lS$ in $\omega^{\omega}$ such that, for a sequence $\langle a_{i} : i<\omega\rangle$ of $i?lfi,.nit_{P}$,
subsr- $ts$ of $\omega,$ $i.fa_{i}$ is $g_{i}$ -thin for all $i,$ $<\omega$ , then $\bigcup_{i<\omega}0_{i}$, is g-thin.
$\mathrm{T}1\mathrm{l}\mathrm{e}$ following is a, slight lllodificatio\Pi of [ $(),$ Lelllllla 2.4] and $1$) $1^{\cdot}\mathrm{O}\mathrm{V}\mathrm{e}\mathrm{d}$ in the
$\mathrm{s}\mathrm{a},111(_{-}^{\backslash }-$ wa,y.
Lelllnla 1.9. Let $\Gamma^{i}$ be a set of
$\cdot$
$st_{?}’ ictlyi?lC\gamma’\epsilon aS\uparrow\uparrow lg$ functions in $\omega^{\omega}$ such that
$.fo\uparrow’ \mathrm{r}\iota)\xi^{\downarrow}..\uparrow^{\mathrm{Y}}y\mathrm{t}J\in\omega^{\omega}$ therc is.$f\in\Gamma^{J}$ with $f\not\leq*g$ , and $\langle I_{7’ l,7}, : (m, 7l)\in\omega\cross\omega\rangle a$
$\int)air?)i_{Se}$ disjoint set of in $te$ rvals in $\omega$ . Then therc i.s.f
$\cdot$
$\in\Gamma^{\tau}$ such that, for
$cacl\iota.f$ -fhin $scta.\in[\omega]^{\omega}$ and $??1<\omega$ there arc $i\uparrow lfi,?litel.y$ many $?l<\omega$ with
$J_{7’ 1,\mathit{7})}\cap a=\emptyset$ .
2 Block branching Miller forcing
Miller forcing, also $\mathrm{c}\mathrm{a}$,lled $\mathrm{r}\mathrm{a}$.tional $1$) $\mathrm{e}\mathrm{r}\mathrm{f}\mathrm{e}_{J}\mathrm{c}\mathrm{t}$ set forcing, is the $\mathrm{p}\mathrm{a},\mathrm{r}\mathrm{t}\mathrm{i}\mathrm{a},1$ order of
$\mathrm{s}\mathrm{u}\mathrm{b}\mathrm{t}1^{\backslash }\mathrm{e}\mathrm{c}\mathrm{S}$ of $\omega^{<\omega}\mathrm{w}1_{1}\mathrm{i}\mathrm{C}1_{1}$ have infinitely $\mathrm{b}\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{C}\mathrm{h}\mathrm{i}\mathrm{l}3\mathrm{g}$ nodes cofinally. The following
defi lliliol] is a, $1\mathrm{l}\mathrm{l}()(\mathrm{l}\mathrm{i}\mathrm{f}\mathrm{i}\backslash \mathrm{c}\mathrm{a}\mathrm{t}\mathrm{i}()11$ of Miller $\mathrm{f}_{\langle)1\mathrm{C}}\mathrm{i}_{1\mathrm{l}}\mathrm{g}$.
$1^{\tau}\neg 01^{\backslash }$ ea,ch $\uparrow$ } $<\omega$ , let $\mathcal{B}_{\mathit{7}1}$. $=$ { $W\subseteq\omega^{\leq r\}}$ : $W$ is $\langle)\mathrm{r}\mathrm{d}\mathrm{e}\mathrm{r}$-isolllo $\mathrm{r}\mathrm{I}^{\mathrm{h}\mathrm{i}}\mathrm{J}\mathrm{C}$ to $\omega\leq 7l$ }.
For eaclu $l\in\omega^{<\omega}$ a,nd $W\subseteq\omega^{<\omega}$ , let $t*|/V=\{t^{\wedge}s:s\in W\}$ .
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Definition 2.1. Block branching Miller $f_{\mathit{0}.\uparrow^{\backslash }C}i\uparrow lg$ BPT is defined as follows:
$p\in \mathrm{B}\mathrm{P}\mathbb{T}$ if $p\subseteq\omega^{<\omega}$ is a, tree and for every $s\in p$ a,nd $n<\omega$ there are $t\in p$
a,nd $W\in \mathcal{B}_{7l}$ suth $\mathrm{t}\mathrm{h}\mathrm{a},\mathrm{t}s\subseteq t$ and $t*W\subseteq p$ . For $p,$ $q\in \mathrm{B}\mathrm{P}\mathbb{T},$ $p\leq q$ if $p\subseteq q$ .
Definition 2.2. For $p\in \mathrm{B}\mathrm{P}\mathbb{T}$ and $1\leq?l<\omega$ , let $S_{n}(p)$ be the set of nodes
$s$ in $p$ such that, $s*\nu V\subseteq l$) for sollle $\mathrm{T}/V\in B_{n}\mathrm{a}_{}\mathrm{n}\mathrm{d}s$ is lllinillla,l with this
property. Let $S(p)= \bigcup_{1\leq n<\omega}S_{n}(p)$ .
Note that, in particula,$\mathrm{r},$ $S_{1}(\mathcal{P})=\{\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{m}(p)\}$ .
Definition 2.3. For $p\in \mathrm{B}\mathrm{P}\mathbb{T}$ and 1 $\leq?1<\omega$ , let $F_{n}(p)=\{s^{\wedge}tl$ : $s\in$
$S_{n}(p)$ a,nd $t,$ $\in\omega^{n}$ and $\mathit{8}^{\wedge}t\in p$}
Witllout loss of generality we can $\mathrm{a}\mathrm{s}\mathrm{s}\mathrm{U}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{e}$ that, for any $p\in \mathrm{B}\mathrm{P}\mathbb{T},$ $1\leq n<$
$\omega$ and $s\in\Gamma_{71}^{l}(lJ)$ there is a, unique $t\in s_{n+1}(p)$ with $s.\subseteq t,$ $\mathrm{b}$
,
eca,use $\mathrm{t}1_{1}\mathrm{e}$ set of
such $\mathrm{c}o$nditions is dense in $\mathrm{B}\mathrm{P}\mathbb{T}$ .
Now we ca,n introduce the following fusion order in $\mathrm{B}\mathrm{P}\mathbb{T}$ .
Definition 2.4. For $p,$ $q\in \mathrm{B}\mathrm{P}\mathbb{T},$ $p\leq 0q$ if $p\leq q$ and stem $(p)=\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{m}(q)$ , and
for $1\leq t\mathrm{t}<\omega,$ $p\leq_{71}q$ if $p\leq 0q$ and $\Gamma_{71}\prec(p)=F_{n}(q)$ .
Proposition 2.5. BPT $sati_{-}.\mathrm{s}f_{7}\cdot eS$ Axiom $A$ .
$I_{7^{\sim}oof}^{-)}$. Easy. $\square$
Proposition 2.6. Let $\dot{G}$ be th. $e$ canonical $\uparrow\iota atne$ for a generic $fil,te\uparrow’ \mathit{0}.\prime \mathrm{B}\mathrm{p}\mathbb{T}$,
and $\dot{g}b\epsilon tl\iota e\mathrm{B}\mathrm{P}\mathbb{T}-\gamma la\gamma nedete\Gamma mi\uparrow l\mathrm{r}-,d$ by $|\vdash_{1\mathrm{I}8\mathrm{p}\mathrm{T}\dot{g}=}\cup\{\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{m}(l^{J)} : p\in\dot{G}^{\gamma}\}$ . $Th\epsilon\uparrow\iota$ ,
1. for $a’ ly.f\cdot\in\omega^{\omega},$ $|\vdash_{1\mathrm{I}3\mathrm{P}^{)}\mathrm{T}}(j_{i}\not\leq^{*}.f$ , and
$\mathit{2}$ . $./\mathit{0}\uparrow\cdot 0,\uparrow\gamma yp\uparrow’ Cdi,cf_{\mathit{0}},r\pi\in \mathcal{P},$ $|\vdash_{\mathrm{B}\mathbb{P}^{7}\mathrm{F}}\langle‘\pi$ $docs\uparrow\iota ot$ predict $jcco??Sta\uparrow\iota tly$ ”.
Proo.$f\cdot$. Lefl, to the reader. $\square$
Corollary 2.7. $\Lambda,$ $s\mathit{8}umC$ CH holds in th, $e$ ground model V. $The\uparrow 1\mathfrak{D}=\theta_{\omega}=$
$\omega_{\mathit{2}}=2^{\omega}l\iota$ olds in th $‘$’ forcing model by th, $e$ countable support iteration of $\mathrm{B}\mathrm{P}\mathbb{T}$
of $l_{(_{\vee}t\}}gth\omega_{2}o\mathrm{t}$) $\mathrm{C}?$. V.
Proposition 2.8. For $p\in \mathrm{B}\mathrm{P}\mathbb{T}$ and $a$ BPT-name $/\iota$ for a .function in $\omega^{\omega}f$
th $\mathrm{r}\uparrow’\epsilon’ a\uparrow\cdot c..q\leq pa\uparrow\iota d.f\cdot\in\omega^{\omega}$ such that $q|\vdash_{\mathrm{B}\mathbb{P}^{r}\mathrm{F}}.f\cdot\not\leq*/\iota$ .
Proo.$f\cdot$. $\Lambda 1_{11}\iota \mathrm{o}\mathrm{s}\iota$ the $\mathrm{s}\mathrm{a}\mathrm{l}\mathrm{I}\mathrm{l}\mathrm{e}$ as the case of Miller forcing $([1, \mathrm{T}1_{1}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}1\mathrm{l}17.3.46(2)])$ .
$\square$
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$\mathrm{L}\mathrm{c}-.\backslash .\mathrm{t}\Lambda \mathit{4}_{1}=\{\langle\rangle\},$ $\Lambda I_{n+1}=\prod_{1\leq i\leq n}(.\iota Ji$ for, $\uparrow l\geq 1$ , a,nd $M= \bigcup_{1\leq n<\omega}M_{n}$ .
Also, let $\mathrm{J}\tilde{I}_{1}=\{\langle\rangle\},$ $\Lambda\tilde{I}_{n+1}=$ { $s^{-}\langle t\rangle$ : $s\in\Lambda I_{n}$ and $t\in\omega^{\leq 7\iota}$ } for $n\geq 1$ ,
$\mathrm{a}_{}\mathrm{n}\mathrm{d}\Lambda\tilde{I}=\bigcup_{1\leq 7\iota<}\omega\lambda\tilde{I}_{n}$. For $\mathrm{e}\mathrm{a}$,ch $p\in$ BPT we $\mathrm{c}\mathrm{a},\mathrm{n}$ define a $\mathrm{n}\mathrm{a}$,tural order-
$\mathrm{h}\mathrm{o}\mathrm{l}11\mathrm{t})111or$phism $\Gamma_{p}$ frolll $\Lambda\tilde{I}$ to split $(p)$ . More precisely, for $p\in \mathrm{B}\mathrm{P}\mathbb{T}$ we
define $\Gamma_{p}$ by the following induction: First, let $\Gamma_{p}(\langle\rangle)=\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{m}(p)$ . Suppose
$\Gamma_{p}(s)\in s_{?1}^{\gamma}(p)$ is defined for $\mathit{8}\in M_{n}$ . Fix $W\in B_{n}$ satisfying $\Gamma_{p}(s)*W\subseteq p$
a,nd an order-isolnorphislll $\sigma$ from $\omega^{n}$ to $W$ . For each $t\in\omega^{n}$ , let $\Gamma_{p}(s^{\sim}\langle t\rangle)$
be the unique node of $s_{n+1}(p)$ extending $\Gamma_{p}(s)^{\wedge}\sigma(t)$ and for $t\in\omega^{<n}$ , let
$\Gamma_{\mathrm{p}}(s^{-}\langle t\rangle)=\Gamma_{p}(\mathit{8})^{\wedge}\sigma(t)$ . Note that $\Gamma_{t^{y}}(s)=\Gamma_{p}(s^{-}\langle\langle\rangle\rangle)$ for $\mathit{8}\in M$ , and so in
this sense we lllay identify $s\in M_{\eta}$, to $s^{-}\langle\langle\rangle\rangle\in\Lambda\tilde{\mathit{4}}_{n+1}$ .
$\Gamma o\mathrm{r}p\in \mathrm{B}\mathrm{P}\mathbb{T}$ a,nd $s\in\Lambda\tilde{I}$ , let $p\mathrm{r}\mathit{8}=$ { $t\in p:t\underline{\subseteq}\Gamma_{p}(s)$ or $\Gamma_{p}(s)\subseteq t$ }.
For $h\in\omega^{\omega}$ and $\tau\in\omega^{<\omega}$ with $\tau\not\in h$ , let $\triangle(\tau, h)=\min\{i:h(i)\neq\tau(i)\}$ .
$\mathrm{D}\mathrm{e}\mathrm{f}\mathrm{i}_{1}1\mathrm{i}<\omega\cdot \mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}}2.9$
. ([6, Definition 2.7]) A function $u$ from a countable set to
$\omega$ $1\mathrm{S}$ called a type II futlction with limit $h\in\omega^{\omega}$ if,
1. for a,ll $i\in \mathrm{d}_{\mathrm{t})111}(u),$ $u(i)\not\in h$ and $\triangle(u(i), h)+2\leq|u(i)|$ , and
2. for a,ll $i,j\in \mathrm{d}_{0\ln}(u)$ with $i\neq j,$ $|\triangle(u(i), h)-\triangle(u(j), h)|\geq 2$ .
Remark 1. $\mathrm{I}<\mathrm{a}\mathrm{l}\mathrm{n}\mathrm{o}[6]\mathrm{a}_{\mathrm{t}}1\mathrm{s}\mathrm{o}$ defined the notion of type I functions, but now we
need only type II functions.
Note that, for a, function $b\in\omega^{\omega}$ a,nd a, set $\{.f_{n,i} : (7\mathrm{t},, i)\in\omega\cross\omega\}$ of
functions in $\prod_{n<\omega}b(n),$ $\mathrm{i}\mathrm{f}.f_{n,i}\neq.f_{\eta’},i^{;}$ for any distinct $(n, i.),$ $(?l’, i/)\in\omega\cross\omega$ ,
$\mathrm{t}\mathrm{h}\mathrm{e}_{d}1\tau$ there a,re $a\in[\omega\cross\omega]^{\omega}$ and a function $\varphi \mathrm{f}\mathrm{i}^{\backslash }\mathrm{o}111$ $a$ to $\omega$ such that
1. for a,ll $?l<\omega,$ $\{i<\omega : (n, i)\in a\}$ is infinite, and
2. $\langle.f_{1i},,,\mathrm{r}\varphi(?x, i):(\uparrow\iota, i)\in a\rangle$ is a typeJ II function.
Here we $\mathrm{c}\mathrm{a},11$ a subset $T$ of $\omega^{<\omega}$ a quasi-trc-e. For a qua,si-tree $T$ a,nd $s\in\omega^{\omega}$ ,
let $\mathrm{S}\mathrm{u}\mathrm{c}\mathrm{c}_{T}(S)=$ { $t\in T$ : $s\subseteq t$ and there is no $u\in T$ such $\mathrm{t}\mathrm{h}\mathrm{a},\mathrm{t}s\subseteq u\subseteq t$},
$\mathrm{p}\mathrm{r}\mathrm{e}\mathrm{d}_{\tau}(S)=t$ if $t\in T$ a,nd $s\in \mathrm{S}_{\mathrm{U}\mathrm{C}\mathrm{C}}\tau(t)$ (if such $t$ exists; otherwise $\mathrm{p}\mathrm{r}\mathrm{e}\mathrm{d}_{\tau}(S)$ is
undefined) and $\mathrm{d}\mathrm{c}\mathrm{I}(T)=$ { $t\in\omega^{<\omega}$ : $t\subseteq u$ for solne $u\in T$ }. By identifying
$\langle t_{1}, \ldots, t_{71},\rangle\in\tilde{M}$ to $f_{\text{ }}1arrow\cdots\wedge t_{\eta}\in\omega^{<\omega}$ , we $\mathrm{a}\mathrm{l}\mathrm{S}\mathfrak{c},$) regard a subset $X$ of $\mathrm{J}\tilde{l}.\mathrm{a},\mathrm{s}$ a
quasi-tree.
$1^{\urcorner}\prec 01^{\backslash }$ a $\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{s}\mathrm{i}- \mathrm{t}\mathrm{r}\mathrm{e}_{\nu}\mathrm{e}\prime T\subseteq\omega^{<\omega}$ without $1\mathrm{n}\mathrm{a}\mathrm{x}\mathrm{i}_{111\mathrm{a}1}$ nodes, we define a function
$\Gamma_{T}$ from $\omega^{<\omega}$ to $T$ by $\mathrm{t}\mathrm{h}\mathrm{e}_{J}$ following induction: First, let $\Gamma_{T}(\langle\rangle)=$ stem $(T)$ .
For $.\underline{\epsilon};\in\omega^{<\omega}$ , fix an enulKlera,tion $\langle t_{i} : i<\omega\rangle$ of $\mathrm{S}_{\mathrm{U}\mathrm{C}}\mathrm{c}_{T}(S)$ , and for each $i<\omega$
let $1_{T}^{\urcorner}(s^{-}\langle \mathrm{t}.\rangle)=t_{i}$ .
Definition 2.10. $\langle\delta_{s} : s\in T\rangle$ is a qunsi-tree of type II functions if:
1. $T$ is $\mathrm{a}_{\theta}$ quasi-tree,
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2. for a,ll $s\in T,$ $\delta_{s}\in\omega^{<\omega}$ ,
3. for a,ll $s\in T\backslash {\rm Max}(T),$ $\langle\delta_{t} : t\in \mathrm{S}_{\mathrm{U}\mathrm{C}\mathrm{C}_{T}}(s)\rangle$ is a type II function with
sollle $1\mathrm{i}_{1}\mathrm{n}\mathrm{i}\mathrm{t}/l\in\omega^{\omega}$ with $\delta_{s}\subseteq/?,$ .
$\Gamma^{4}\mathrm{o}\mathrm{r}$ a tree $T\subseteq\omega^{<\omega}$ a,nd $s\in T$ , we sa,$\mathrm{y}T$ is $\omega- branCl?,i|rg$ above $s$ if, for
a,ny $t\in T\backslash {\rm Max}(T)$ , if $s\subseteq t$ then $\mathrm{s}\mathrm{u}\mathrm{c}\mathrm{c}_{T}(t)$ is infinite.
Let $b$ be an a.rbitrary but fixed function in $\omega^{\omega}$ .
The following is the lfiain lelnlna to handle the successor step of the proof
of $\mathrm{T}]_{\mathrm{l}\mathrm{e}(}\mathrm{r}\mathrm{e}\mathrm{l}114.1$ .
Lenlllla 2.11. Assume that $p\in$ BPT, $\eta$ is a function from $\tilde{M}$ to $\omega$ , and $\dot{f}$
is a $\mathrm{B}\dot{\mathrm{P}}\mathbb{T}$-name such that $p1 \vdash_{\mathrm{B}\mathrm{P}}\mathrm{T}.\dot{f}\in\prod_{n<\omega}b(n)\backslash \mathrm{V}$ . Then there are $q\leq p$ ,
a quasi-tree $X\subseteq \mathrm{A}\tilde{I}$ and $\langle\delta_{s} : s\in X\rangle$ such that:
1. $M\subseteq X$ ,
2. $\langle\delta_{S} : s\in X\rangle$ is a quasi-tree of type II functions,
3. for all $s\in X,$ $q(\mathit{8}|\vdash_{\mathrm{B}\mathrm{P}\mathrm{T}}\delta_{s}\subseteq.i,$ $a\uparrow ld$
,. for all $s\in X,$ $|\delta_{S}|>\eta(\backslash \mathrm{q})$ .
Proof. By induction on $7l<\omega$ , we will construct a, fusion sequence $\langle p_{n} : n<\omega\rangle$
of conditions in $\mathrm{B}\mathrm{P}\mathbb{T}$ sta,rting with $p_{0}\leq p,$ $x_{s}$ for $s\in \mathrm{A}I_{7l},$ $\mathrm{a},\mathrm{l}\mathrm{l}\mathrm{d}\delta-s\langle t\rangle$ for $s\in\Lambda l_{n}$
and $t\in x_{s}$ .
First, choose $p_{0}\leq p$ and $\delta_{()}\in\omega^{<\omega}$ so $\mathrm{t}\mathrm{h}\mathrm{a},\mathrm{t}|\delta_{\langle\rangle}|>\eta(\langle\rangle)$ and ]$J_{0}|\vdash_{\mathrm{B}\mathbb{P}7?}$
$\delta_{\langle\rangle}\subseteq.f..$ .
Suppose that
1. $p_{\mathit{7}\iota-1}\in \mathrm{B}\mathrm{P}\mathbb{T}$ ,
2. ar $s$ for $s\in \mathbb{J}I_{7\iota-}1$ , sa,tisfying $\langle\rangle\in\backslash x_{s}$ and $\omega^{n-1}\subseteq\backslash ’\iota_{\text{ }}s$ ’ a,nd
3. ($\hat{\mathrm{I}}_{s^{-}\langle t\rangle}$ for $s\in M_{n-1}$ a,nd $t\in x_{S}$
$\mathrm{h}\mathrm{a}$,ve been defined. Fix $s\in\Lambda I_{n}$ a,nd le, $\mathrm{t}\delta_{s}-\langle(.\rangle\rangle=\delta_{s}.$ $\Gamma\{\mathrm{o}\mathrm{r}t\in\omega^{7\mathrm{L}}$ , choose
$h_{s}^{t}\in\omega^{\omega}$ so
$\mathrm{t}\mathrm{h}\mathrm{a},\mathrm{t}h_{S,\mathit{7}l}^{t}$ is an interpretation of.f below $p_{n-1}\mathrm{r}(s^{-\langle}t\rangle)$ . Note
$\mathrm{t}\mathrm{h}\mathrm{a},l$ , for a,ll $l\in\omega,$ $\delta_{s}=\delta_{S^{-\langle\langle\rangle\rangle}}\subseteq/\iota_{S}^{t}$ . Let $y_{S}^{n}=\omega^{71}$ . We will construct
$y_{s}^{n-1n-2},$$y_{S},$ $\ldots$ , $y_{s}^{0}$ inductively.
Suppose 71 $l<\uparrow \mathrm{z},$ $y_{s}7|\tau+1\subseteq\cup\{\omega^{k} : ?\}l+1\leq k\leq n\}$ and $\{/\mathrm{t}_{s}^{\mathrm{t}}’ : u\in y_{S^{+1}}^{71)}\}\subseteq$
$\omega^{\omega}$ have been defined. Fix $t\in\omega^{\gamma\eta}$ .
$(^{\gamma}\prime ase\mathit{1}$ . $\{h_{s}^{u} : u\in \mathrm{s}_{\mathrm{u}\mathrm{c}\mathrm{c}_{y}.+}.m1(t)\}$ is infinite. Then there are $X_{s}^{t}\in[\mathrm{s}_{\mathrm{u}\mathrm{c}\mathrm{C}_{y_{\underline{\epsilon}}^{7\iota}}},+1(t)]^{\omega}$
a,nd $\mathrm{a}$, function $\varphi_{S}^{t}$ frtlll $X_{s}^{t}$ to $\omega$ such that
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1. for a,ny distinct $u,$ $v\in X_{s}^{t},$ $h_{s}^{v}\neq h_{s}^{\mathit{1}J}$ ,
2. $\langle h_{S}^{u}[\varphi^{f}s(u):u\in X_{s}^{t}\rangle$ is $\mathrm{a}_{\mathrm{t}}$ type II function with $\mathrm{l}\mathrm{i}\mathrm{l}\mathrm{l}\dot{\mathrm{H}}\mathrm{t}h^{\iota}S\in\omega^{\omega}$, a,nd
3. $\mathrm{d}\mathrm{c}1(x_{S}t)$ is $\omega$-branching above $t$ .
By $\mathrm{r}\mathrm{e}\mathrm{l}\mathrm{n}\mathrm{o}\mathrm{i}\mathrm{n}\mathrm{g}$ a, certain finite $\mathrm{p}\mathrm{a}$,rt frtlll ea.ch $X_{s}^{u}$ , we $\mathrm{c}\mathrm{a},\mathrm{n}$ a,ssulne that ran $(\Psi_{\mathit{8}}^{v})\cap$
$(\varphi_{9}^{t}.(u)+2)=\emptyset$ for a,ll $u\in \mathrm{S}\mathrm{u}\mathrm{c}\mathrm{C}_{y_{\mathrm{S}}}.$”$’+1(t)\backslash \omega^{n}$ .
Case 2. Next we a,ssume that $\{h_{S}^{u} : u\in \mathrm{S}\mathrm{u}\mathrm{c}\mathrm{c}_{y_{\mathrm{g}}^{n}}1+1(t)\}$ is finite. Note that in
$\mathrm{t}1.\urcorner.\mathrm{j}_{\mathrm{S}}$ case $\mathrm{S}\mathrm{u}\mathrm{c}\mathrm{c}_{y^{m}}..+1(t)\cap\omega^{n}=\emptyset$ . We $\mathrm{c}\mathrm{a},\mathrm{n}$ find $X_{s}^{\dot{t}}\in[\mathrm{s}_{\mathrm{u}\mathrm{C}\mathrm{c}_{n1}+}.1v_{\epsilon}(t)]^{\omega},$ $h\in\omega^{\omega}$ and
$1_{s}^{\nearrow 21}\in[\mathrm{S}\mathrm{u}\mathrm{c}\mathrm{C}y¿’]+\vee 1(u)]^{\omega}$ for each $u\in X_{s}^{f}$ so tha,t
$\rfloor$ . $\mathrm{f}_{(\mathrm{r}\mathrm{a}},11u\in X_{SS}^{t},$$h^{\mathrm{t}\prime}=h$ ,
2. $\langle$ $l\iota_{s}^{v},\mathrm{r}\varphi_{s}\prime \mathrm{t}(\mathrm{t})):u\in X_{s}^{t}$ alld $v\in Y_{s}^{l\mathrm{A}}\rangle$ is a type, II function with linlit $h$ , and
3. $\mathrm{d}\mathrm{c}1(\cup\{Y_{s}^{1}’ : u\in X_{s}^{t}\})$ is $\omega- \mathrm{b}\mathrm{r}\mathrm{a},\mathrm{n}\mathrm{C}\mathrm{h}\mathrm{i}\mathrm{n}\mathrm{g}$ .
Now let $y_{s}^{n)}$ be the set of following nodes:
1. $t\in\omega^{7)}$’ for which Ca,se 1 is applied,
2. $?$) $\in y_{s}^{\mathit{7}11}+1$ such $\mathrm{t}\mathrm{h}\mathrm{a},\mathrm{t}$ , there are $t\in\omega^{\mathit{7}n}$ for which Case 1 is applied and
$u\in X_{s}^{t}$ satisfying $u\subseteq\uparrow$ ), a,nd
3. $u$) $\in y_{s}^{71l}+1$ such that, $\mathrm{t}1_{1}\mathrm{e}\mathrm{r}\mathrm{e}$ a,re $t\in\omega^{m}$ for which Ca,se 2.$\mathrm{i}\mathrm{s}$ applied,
$u\in X_{s}^{t}$ a,nd $v\in Y_{s}^{\mathrm{t}l}$ sa,tisfying $?J\subseteq u$).
Finally, $1\mathrm{e}_{J}\mathrm{t}y_{s}=\mathrm{d}\mathrm{c}1(y^{0}s)$ and $x_{S}=\Gamma_{y_{\backslash }}^{-.1}(y_{S})0$ . $\Gamma^{\dashv}01$ each $t\in y_{s}^{0}\cap\omega^{n}$ , choose
$p_{s}^{t}\leq l^{)_{71-}}1|(s^{-}\langle t,\rangle)$ so that $p_{s}^{\iota}1\vdash \mathrm{B}\mathrm{I}\mathrm{r}|\mathrm{F}ll\mathrm{r}t\varphi^{u}Ss(t)=.i\mathrm{r}\varphi_{s}^{u}(t)$ , where $u=\mathrm{p}\mathrm{r}\mathrm{e}\mathrm{d}_{y_{\backslash ^{\backslash }}}0.(t)$ .
Let $p_{\mathit{7})}=\cup$ { $p_{S}^{t}$ : $s\in M_{71}$ and $f,$ $\in y_{s}^{0}\cap\omega^{71}\cdot$ }. Then $p_{n}\in$ BPT and $\mathrm{P}n\leq_{n}$
$I’n-\mathrm{l}\cdot \mathrm{I}^{\urcorner}\prec \mathrm{t})1^{\backslash }$ each -q $\in flff,$ $u\in y_{s}^{0}\backslash \omega^{?1}$. a,nd $v\in \mathrm{S}_{\mathrm{U}\mathrm{C}\mathrm{c}_{y}0,s}(u)$ let $\gamma_{s}^{v}=h_{S}^{v}(\varphi sv(\uparrow))$ ,
and for $\mathrm{e}\mathrm{a}\mathrm{c}1_{1}t\in x_{s}\backslash \langle\rangle$ let $\delta_{S}-\langle i\rangle=\gamma_{\Gamma_{y_{\mathrm{t}}\mathrm{c}}}(\dagger)$ . Then $q\in \mathrm{n}_{n<\omega}\mathrm{P}n’ X=\{t^{-}\langle u\rangle$ :
$f_{\text{ }}\in \mathrm{A}l$ a,nd $u\in.’\iota_{t}$ }
$.$. a,nd $\langle\delta_{s} : s\in X\rangle$ satisfy the $\mathrm{r}\mathrm{e}(\mathrm{l}\mathrm{u}\mathrm{i}\mathrm{l}\cdot \mathrm{e}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{n}\mathrm{t}.$ $\square$
3 Iteration
Ill $\mathrm{t}\mathrm{l}?\mathrm{i}\mathrm{s}\mathrm{s}\mathrm{e}\mathrm{c}\mathrm{t},\mathrm{i}(11$ we present techniques to $\mathrm{h}\mathrm{a}$ ,ndle the itera,tion, which a,re due to
$\mathrm{I}\langle \mathrm{a},11\mathrm{j}\mathrm{O}[6]$ . These techniques a,re $\mathrm{d}\mathrm{e}\mathrm{v}\mathrm{e},1(\mathrm{p}\mathrm{e}\mathrm{d}$ for the countable support itera,tion
of Miller $\mathrm{f}\mathrm{t}.$) $1^{\backslash }\mathrm{c}\mathrm{i}\mathrm{n}\mathrm{g}$ . But $\mathrm{t}\mathrm{h}\mathrm{e}_{J}\mathrm{y}$ do not strongly depend on the $\mathrm{s}\mathrm{l}_{\mathrm{l}\mathrm{a}},\mathrm{p}\mathrm{e}\nu$ of forcing
conditions, and so we $\mathrm{c}\mathrm{a},\mathrm{n}$ apply thelll to $\mathrm{t}\mathrm{h}\mathrm{e}_{d}\mathrm{i}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{a},\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{l}\mathrm{l}$ of block $\mathrm{b}\mathrm{r}\mathrm{a}$,nching
Miller $\mathrm{f}\mathrm{t}$ ) $\Gamma \mathrm{c}\mathrm{j}_{\mathrm{l}1}\mathrm{g}$ ill 8,$\mathrm{l}\mathrm{t}\mathrm{n}o\mathrm{s}\mathrm{t}$ the salne $\mathrm{f}\mathrm{a}S\mathrm{h}\mathrm{i}o\mathrm{n}$ .
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We a,re $\mathrm{g}\mathrm{o}\mathrm{i}_{1\mathrm{l}}\mathrm{g}$ to prove $\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\ln 4.1$ by induction on the length of iteration.
But the $1$) $1^{\cdot}\mathrm{o}\mathrm{o}\mathrm{f}$ for a lilllit step is exactly the sa,llle as in the proof of [6,
$\mathrm{L}\mathrm{e}\mathrm{l}\mathrm{J}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{a},$ $5.1]$ . So we will give only a, $1$) $\mathrm{r}(\mathrm{o}\mathrm{f}$ for a $\mathrm{s}\mathrm{u}\mathrm{c}\mathrm{c}\mathrm{e}\mathrm{s}\mathrm{s}\mathrm{o}1^{\backslash }$ step.
$\mathrm{T}1_{11\mathrm{t}\mathrm{U}}\mathrm{g}]_{1\mathrm{o}\mathrm{u}}\mathrm{t}\mathrm{t}1_{1}\mathrm{i}\mathrm{s}$ pa,per, $\langle \mathrm{P}_{\alpha} : \alpha\leq\omega_{2}\rangle$ denotes the $\mathrm{c}o$untable support it-
eration of block $\mathrm{b}\mathrm{r}\mathrm{a}[] \mathrm{n}\mathrm{c}\mathrm{h}\mathrm{i}\mathrm{n}\mathrm{g}$ Miller forcing of length $\omega_{2}$ . For each $\alpha\leq\omega_{2}$ , let
$\dot{G}_{\alpha}$ be the $\mathrm{c}\mathrm{a}$,nonical $\mathrm{P}_{\alpha}$-name for a $\mathrm{P}_{cy}$-generic filter. For $p\in \mathrm{P}_{\omega_{2}},$ $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(p)$
denotes the support of $p$ . For $\xi<\alpha\leq\omega_{2},$ $\mathrm{P}_{\xi,\mathrm{c})}$ , denotes the quotient forcing
$\mathrm{P}_{(.)}/\mathrm{P}_{\xi}$ . $|\vdash_{\mathrm{P}_{\alpha}}$ is a,bbreviated as $|\vdash_{\alpha}$ .
We introduce the notion of tenta,cle trees, wbich is defined in $[6, \mathrm{S}_{\mathrm{e}\mathrm{C}\mathrm{t}}\mathrm{i}_{\mathrm{t}}114]$ .
Definition 3.1. Let $T\subseteq\omega^{<\omega}$ be a, tree and $\delta\in\omega^{\omega}\backslash T$ .
$\triangle(T, \delta)\sim$ denotes the lllaxillla,l node of $T\cap \mathrm{d}\mathrm{c}|(\{(\overline{)}\})$ and $\triangle(T, \delta)=|\triangle(T\sim, \delta)|$ .
$\delta$ is adjoinable on $T$ if
$\rfloor$ . $\triangle(T, \delta)+2\leq|\delta|\mathrm{a}_{\mathrm{t}}11\mathrm{d}|\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{m}(T)|<\triangle(T, (\mathfrak{s})$ ,
2. $\triangle(T, \delta)\sim\not\in \mathrm{s}\mathrm{p}\mathrm{l}\mathrm{i}\mathrm{t}(?\urcorner)$ ,
3. $\mathrm{s}\mathrm{u}\mathrm{c}\mathrm{C}_{T}(^{\sim}\triangle(\tau, \delta))\cap \mathrm{s}\mathrm{p}\mathrm{l}\mathrm{i}\mathrm{t}(T)=\emptyset$ , and
4. $()[(\wedge\triangle(T, (\overline{)})-1)\not\in \mathrm{s}\mathrm{p}|_{1}.\mathrm{t}(\tau)$ .
$\mathrm{T}$ is called a tcntacle $t\uparrow\cdot eC^{-}$ if there a,re a skip $\mathrm{b}\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{d}_{1}\mathrm{i}\mathrm{n}\mathrm{g}$ tree If without
$1\mathrm{l}\mathrm{l}\mathrm{a},\mathrm{X}\mathrm{i}\mathrm{l}\mathrm{J}\mathrm{l}\partial,1$ nodes and a, function $u\mathrm{f}\mathrm{i}^{\backslash }\mathrm{o}111$ a counta,ble set to $\omega^{<\omega}$ such that
1. for all $i$. $\in \mathrm{d}\mathrm{o}1\iota 1(u),$ $u(i,)$ is acljoinable on II,
2. for $\mathrm{a},11i,,j\in \mathrm{d}_{011}1(u)$ , if $i,$ $\neq j$ then $|\triangle(If, u(i))-\triangle(H, u(\dot{J}))|\geq 2$ , and
3. $T=H\cup \mathrm{d}\mathrm{c}1(\mathrm{r}\mathrm{a}\mathrm{l}1(u))$ .
$\mathrm{I}1’1$ $(,]\mathrm{l}\mathrm{i}\mathrm{S}$ case we say II and $u7n,ake$ up $T,$ $\langle$ $)1^{\backslash }T$ is made up of II and $u$ .
$\mathrm{N}_{(\dagger,\mathrm{e}}\mathrm{t}1_{1\mathrm{a}}\mathrm{t}$ every tentacle tree is a, skip $\mathrm{b}_{1^{\backslash }}\mathrm{a}\mathrm{n}\mathrm{c}\mathrm{h}\mathrm{i}\mathrm{n}\mathrm{g}$ tree.
$1^{\mathrm{t}}\urcorner 0\mathit{1}$
$\mathrm{a}$ , t,ellta,cle tree $T,$ $c_{T}$ denotes the enullleration of ${\rm Max}(T)$ such $\mathrm{t}1_{1}\mathrm{a}\mathrm{t}$ ,
if $i<j<\omega \mathrm{t}\mathrm{l}\mathrm{n}\mathrm{C}^{\lrcorner}\mathrm{l}1|C_{T}^{\lrcorner},(i)|<|e_{T}(j)|$ .
Definition 3.2. $S$ denotes $\mathrm{t},1_{1}\mathrm{e}$ set of a,ll tenta,cle $\mathrm{t}_{1}\cdot \mathrm{e}\mathrm{e}\mathrm{s}$ . For $\mathrm{e}\mathrm{a}$,ch $g\in\omega^{\omega}$ , let
$S(g)=$ { $H\in S:\mathrm{B}(H)$ is g-thin}.
Definition 3.3. Let $\mathcal{U}$ be the set of functions $U\in(\omega^{\omega})^{\omega}$ such $\mathrm{t}\mathrm{h}\mathrm{a},\mathrm{t}$
1. for all $i<\omega,$ $U(i)$ is increa,$\mathrm{s}\mathrm{i}_{1\mathrm{l}}\mathrm{g},$ $\mathrm{a}\uparrow 1\mathrm{l}\mathrm{d}$
2. for a,ll $i,j<\omega$ , if $i,$ $<j$ then, for all $k<\omega,$ $U(i)(k)\leq U(j)(k)$ .
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Definition 3.4. For $K\in S$ and $U\in \mathcal{U}$ , let $A(K, U)$ be the set of functions
$\varphi \mathrm{f}\mathrm{l}\cdot \mathrm{t})111\mathrm{s}$ ( $\rangle 11\mathrm{l}\mathrm{e}a\in[\omega]^{\omega}$ to $\prod_{i\in 0\prime}s(U(1_{\mathit{0}}\urcorner-1(i))$ such that, there is $c\in[\omega]^{\omega}$ such
that $t_{Ii’}(\Gamma_{C}(i,))\subseteq \mathrm{s}\mathrm{t}\mathrm{e}\mathrm{m}(\varphi(\Gamma_{a}(i,)))$ for a,ll $i,$ $<\omega$ .
Lenuna 3.5. [6, Lenllna 4.2] Let $g\in\omega^{\omega},$ $H$ a skip branching tree without a
$\iota naXi\uparrow na/|$ node, and, $u_{n}\in(\omega^{\omega})^{\omega}$ for $n<\omega$ . Assum, $e$ that; for $al,l,$ $n<\omega,$ $H$
and $u_{n}$ make up a tentacle tree. Then there is a function $v$ from $\omega$ to $\omega^{<\omega}$
$\mathit{8}?lChfl|,at$
1. $H$ and $v\uparrow n,ake$ up a tentacl,c- tree,
2. for all. $n<\omega$ there are $\inf \mathit{7},nitel.y$ many $i<\omega$ such th,at $u_{n}(i)\in \mathrm{r}\mathrm{a}\mathrm{n}(v)$ ,
and
3. $\{|v(j)| : j<\omega\}\cup\{\triangle(If, v(j) : j<\omega\}$ is g-thin.
Lenllna 3.6. $[6, \mathrm{L}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{n}\mathrm{l}\mathrm{a}, 4.3]$ Let $K\in S$ and $U\in \mathcal{U}.$ Then, for any countabl,$e$
subscl $\Psi$ of $A(K, U)$ , there is $?/$) $\in A(K, U)$ such that,, for $al,/,$ $\varphi\in\Psi$ there are
$i\uparrow\iota.f\mathrm{j}\uparrow litr\lrcorner\tau\prime ytn,a\mathrm{t}lyi\in \mathrm{d}\mathrm{o}\mathrm{n}\mathrm{l}(\varphi)\cap \mathrm{d}\mathrm{o}\ln(\uparrow/))$ satisfying $\varphi(i,)=\uparrow/)(i)$ .
$\Gamma^{1}\mathrm{r}\mathrm{o}111$ now on, $\lambda$ is $\mathrm{a}l\zeta$‘sufficiently la, $\mathrm{r}\mathrm{g}\mathrm{e}$” regular cardinal alld $H(\lambda)$ de-
notes $\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{e}$, family of sets $\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{e}\mathrm{d}\mathrm{i}\mathrm{t}\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{l}\mathrm{y}$ of $\mathrm{c}\mathrm{a}$,rdinality less than $\lambda$ . $N$ denotes a,
coun. $\{_{\mathrm{a}},\mathrm{b}\mathrm{l}\mathrm{e}$ elelllenta,ry substructure of $H(\lambda)$ unless otherwise defined.
The following is a slightly strengthened version of $[6, \mathrm{L}\mathrm{e}\mathrm{l}\mathrm{n}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{a}, 4.4]$ and
proved in $\mathrm{a},1_{111\mathrm{O}\mathrm{S}}\mathrm{t}$ the sa.llle $\mathrm{w}\mathrm{a}|\mathrm{y}$ as the original one.
$\mathrm{L}\mathrm{e}\mathrm{l}\iota \mathrm{l}\mathrm{n}\mathrm{l}\mathrm{a}3.7$ . Lrit $\alpha\leq\omega_{2}$ and $\mathrm{P}=\mathrm{P}_{\alpha}$ .
1. $L\mathrm{r},tH\in N$ be a skip branching tree without $a$ $\max,$imaf node, and $v$ a
function.$trom_{\text{ }}\omega\cross\omega t,\mathit{0}\omega^{<\omega}$ . Assumc that $H$ and $v$ make up a $te\uparrow?tacl,e$
$tre(_{)}^{\urcorner}$ and, for any $u\in(\omega^{<\omega})^{\omega\cross\omega}\cap N_{\rangle}$
if $H$ and $u$ make up a $te\uparrow ltaCl,e$ tree, then for $a/,l,$ $n<\omega$ there
$a\uparrow\cdot c_{\text{ }}$
’ infinitely many $i<\omega$ with $u(n, i)\in \mathrm{r}\mathrm{a}\mathrm{n}(v)$ .
$\mathcal{I}^{1}l?\epsilon’\uparrow l$ for each $p\in \mathrm{P}\cap Nt,he\uparrow^{\tau}e$ is $\tilde{p}\leq p$ such th,at $l$)
$\sim$ is $(N, \mathrm{P})$ -generic
$a\uparrow \mathrm{t}d.f_{\mathit{0}}?^{\backslash }Cestl|,efo/,l,\mathit{0}$ ioing:
For any $u\in(\omega^{<\omega})^{\omega\cross}\omega\cap N[\dot{G}_{\alpha}]$ , if $H$ and $u\uparrow?\tau ake$ up a tentacle
$t\uparrow’\xi’\epsilon$ , th $\mathrm{t}^{\supset}\gamma\iota$ for all $n<\omega$ thcre arc- $i\uparrow \mathrm{t}f_{7tli}tcl.y$ many $i<\omega$ with
$?l(?\}, i)\in \mathrm{r}\mathrm{a},\mathrm{n}(v)$ .
2. $LctI\mathrm{f}_{n}\in S\cap N,$ $U_{n}\in \mathcal{U}\cap N,$ $\uparrow/J_{7\iota}\in A(I\mathrm{t}_{n’ 7}’U|)$ for $n<\omega_{\mathrm{Z}}\eta\leq\alpha$ ,
$\mathrm{p}*=\mathrm{P}_{\mathit{7}\prime \mathrm{t}\forall}$, and $N^{*}=N[\dot{G}_{\eta}]$ . Suppose that, in $\mathrm{V}^{\mathrm{P}_{\eta}}$ , for $al/,$ $?l,$ $<\omega$ ,
27
$fo7$’ all $\varphi\in A(I\mathrm{i}_{n}^{r}, U_{n})\cap N^{*})$ if $\mathrm{r}\mathrm{a}|\mathrm{n}(\varphi)\subseteq N$ then there are
infinitely many $i<\omega$ with $\varphi(i)=1/J_{n}(i,)$ .
$Th_{C^{-}\uparrow}l$ , in $\mathrm{V}^{\mathrm{l}\mathrm{P}_{\eta}}$ , for any $p\in \mathrm{p}*\cap N^{*}$ , there is $l^{J}\sim\leq p$ such that $\tilde{p}$ is
$(N^{*}, \mathrm{P}^{*})$ -generic, $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(\tilde{p})\subseteq N^{*})$ and for any $7l<\omega,\tilde{p}$ forces
for any $\varphi\in A(I_{\dot{\mathrm{b}}_{n}}’, Un)\cap N^{*}[\dot{G}\mathrm{p})*]_{y}$ if $1^{\backslash }\mathrm{a},\mathrm{n}(\varphi)\subseteq Nth\epsilon n$ there
are infinitely many $i<\omega$ ioith $\varphi(i,)=’\psi)7|,(i)$ .
Corollary 3.8. [6, Corolla,ry 4.5] $Lc^{-}t\alpha\leq\omega_{2;}\mathrm{P}=\mathrm{P}_{\alpha}$ and $g\in\omega^{\omega}$ . Then
$th,\epsilon’ f_{\mathit{0}}[,/_{ow}i\uparrow|,g$ hold in $\mathrm{V}^{\mathrm{l}\mathrm{P}}$ : Assume that
1. $H\in \mathrm{V}$ is a skip branching tree without a maximal node,
2. $\dot{u}$ is a type II function with $d_{om.a}in\omega\cross\omega$ and limit $j_{l}\in$ Lim(If), and
3. $H$ and $\dot{u}$ make up a tentacle tree.
Then, tfiere is a tentacle tree $T\in \mathrm{V}$ such that:
1. $T$ $is\uparrow\uparrow \mathrm{z}ade$ up of $H$ and some type II function,
2. $\{|\delta| : \delta\in{\rm Max}(T)\}\cup\{\triangle(H, \delta) : \mathit{6} \in{\rm Max}(T)\}$ is $g$ -thin, and
3. for each $n<\omega$ there are $\inf 7,nitely$ many $i<\omega\iota vith\dot{u}(?l, i)\in{\rm Max}(T)$ .
4 Proof of the main theorem
Now we are rea,dy to prove the following $\mathrm{t}\mathrm{h}\mathrm{e}\langle)\Gamma \mathrm{e}\mathrm{l}\mathrm{l}\mathrm{l}$ .
Theorem 4.1. Let $\alpha\leq\omega_{2)}\mathrm{P}=\mathrm{P}_{\alpha},$ $g\in\omega^{\omega}$ and $p| \vdash_{O}.\dot{f}\in\prod_{7l<\omega}b(\uparrow l)$ . Then
there a $7^{\tau}CI^{\sim}J\leq p$ and $If\subseteq\omega^{<\omega}$ such that
1. $H$ is a skip $b$. ranching trcc,
2. $\mathrm{B}(H)$ is $g$ -thin, and
3. $\tilde{p}^{1}\vdash_{\alpha}.f..\in \mathrm{L}\mathrm{i}\mathrm{m}(H)$
$I^{J}roof$. Induction on $\alpha\leq\omega_{2}$ . As lllentioned in the last section, we only give
a proof for a, successor step a,nd refer the $\mathrm{r}\mathrm{e}\mathrm{a}$,der to [6] for a $1\mathrm{i}_{111}\mathrm{i}\mathrm{t}_{\mathrm{S}\mathrm{t}\mathrm{e}_{\mathrm{I}^{\mathrm{J}}}}$ .
Suppose tha.t $\alpha=\beta+1$ and the lermna holds for all $\alpha’\leq\beta$ .
Claim 1. Let $g’\in\omega^{\omega}$ . $Thc^{-}nth,e$ follo $\mathrm{c}vi\uparrow\iota.q$ holds in $\mathrm{V}^{\mathrm{P}_{\beta}}.\cdot$ For any type II
function $u$ with domain $\omega\cross\omega_{f}$ there is a tentacle tree $T\in \mathrm{V}$ such that
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1. $\mathrm{B}(T)$ is $g’-thin$ ) and
2. for all $??l<\omega$ there are $i\uparrow lfi,’ litel,y$ many $i<\omega$ with $u(\uparrow\eta, i)\in{\rm Max}(T)$ .
Proof. Work in $\mathrm{V}^{\mathrm{I}_{\beta}^{\mathfrak{D}}}$ . Suppose that $\mathrm{a}_{[]}$ function $u\mathrm{f}\mathrm{r}\mathrm{t}$)$111\omega\cross\omega$ to $\omega^{<\omega}$ is a
type Il fnnction with lilIlit $h\in\omega^{\omega}$ . Take a pairwise disjoint set { $I_{m,n}$ :
$(??\iota, ?l)\in\omega\cross\omega\}$ of interva,ls in $\omega$ so $\mathrm{t}\mathrm{h}\mathrm{a},\mathrm{t}$ for all $(m, n)\in\omega\cross\omega$ there is $i<\omega$
with [$\triangle(h, u(?n, i,)-1),$ $|u(\uparrow\eta, i)|+2)\subseteq I_{7|l,l|}.\cdot$ Using Lelnmata, 1.8, 1.9 and
Proposition 2.8, choose $g_{1}\in\omega^{\omega}\cap \mathrm{V}$ so that, for any $g_{1}$ -thin sets $a,$ $c\in[\omega]^{\omega}$ ,
1. for $\mathrm{a},\mathrm{n}\mathrm{y}\uparrow?\iota<\omega$ there are infinitely lna,ny $t?<\omega$ with $a\cap I_{\gamma)l,7}\iota=\emptyset$ , and
2. $a\cup c$ is $g’- \mathrm{t}\mathrm{h}\mathrm{i}_{1}1$ .
By $\mathrm{t}1_{1}\mathrm{e}$ induction hypothesis, we find a, skip $\mathrm{b}\mathrm{r}\mathrm{a}$,nching tree $H\in \mathrm{V}$ with-
$\langle$
$)\mathrm{u}1,$ $\mathrm{a}1\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{X}\mathrm{i}_{111_{\mathrm{C}}’\mathrm{t}},1$ node such that $h\in \mathrm{L}\mathrm{i}\mathrm{m}(If)$ a,nd $\mathrm{B}(H)$ is $g_{1}$-thin. By the
choice of $g_{1}$ , for all $\uparrow r\iota<\omega$ there is $a_{7’\iota}\in[\omega]^{\omega}$ such that, fo.r all $i\in a_{n\iota}$ ,
$[\triangle(/l, u(\uparrow\gamma l,\dot{t,}), |u(?l\iota, i)|+2)\cap \mathrm{B}(H)=\emptyset$ .
Now we define a, function $v\mathrm{f}\mathrm{i}^{\backslash }\mathrm{o}\mathrm{l}11\omega \mathrm{x}\omega$ to $\omega^{<\omega}$ by letting $v(77l, 7\iota)=$
$u(77l,$ $1\urcorner(\mathrm{t}_{?},1(7?,))$ for $\mathrm{e}\mathrm{a}\uparrow \mathrm{c}\mathrm{h}(\uparrow?l, ?\mathrm{t})\in\omega \mathrm{x}\omega$ . Then If a,nd $v$ ma,ke up a tentacle
tree.
By $\mathrm{C}_{010}^{\mathrm{I}}11\mathrm{a},\mathrm{r}\mathrm{y}3.8$ , there is a, tenta,cle tree $T\in \mathrm{V}$ such that:
1. $T$ is $11$ ) $\mathrm{a}\mathrm{d}\mathrm{e}$ up of If and sollle type II function,
2. $\{|\mathit{6}| : \delta\in{\rm Max}(T)\}\cup\{\triangle(h,, \delta) : \delta\in{\rm Max}(T)\}$ is $g_{1^{-}}\dagger,\mathrm{h}\mathrm{i}\mathrm{n}$ , a,nd
3. for a,ll $?7l<\omega$ there a,re infinitely llla,ny $i<\omega$ such that $?$) $(\uparrow?l, i)\in$
${\rm Max}(T)$ .
Then $T$ is as required. $\square$
Using $1_{\lrcorner}\mathrm{e}11\mathrm{l}1\mathrm{l}\mathrm{l}\mathrm{a}1.8$, ta,ke a set $\{g_{s}. : \backslash \mathrm{c}_{\mathrm{i}}\in\omega^{<\omega}\}$ of illcrea,sing functions in $\omega^{\omega}$
so t,hat
1. for $\{c\iota_{s} : s\in\omega^{<\omega}\}\subseteq[\omega]^{\omega}$ , if $a_{s}$ is $g_{s}$ -thin for all $s\in\omega^{<\omega}$ , then
$\mathrm{U}\{\mathrm{c}x.9 : s\in\omega^{<\omega}\}$ is g-thin,
2. $\mathrm{f}\mathrm{o}1^{\cdot}?1<\omega$ and $s,$ $l\in\omega^{71}$ , if $s(i)\leq t(i)$ for a,ll $i,$ $<??$ , then $g_{s}(i)\leq g_{s}(i)$
for a,ll $i,$ $<\omega,\prime \mathfrak{c}\mathrm{t},\mathrm{n}\mathrm{C}\mathrm{l}$
3. $\mathrm{f}^{\backslash }\mathrm{o}\mathrm{r}s,$ $i\in\omega^{<\omega}$ , if $s\subseteq t$ , then $g_{s}(0)<g_{t}(0)$ .
Without loss of genera,lity we $11\mathrm{l}\mathrm{a},\mathrm{y}$ assullle $p^{1\vdash\dot{f}}l\mathrm{r}.\not\in \mathrm{V}^{\mathrm{I}\mathrm{P}_{\beta}}$ .
We work ill $\mathrm{V}^{\mathrm{P}_{\beta}}’$ . Using $\mathrm{L}\mathrm{e}\mathrm{m}\mathrm{I}\mathrm{l}\mathrm{l}\mathrm{a},$ $2.11,$ $\mathrm{t}\mathrm{a}\mathrm{k}\mathrm{e}\dot{q}\leq p(\beta),\dot{X}\subseteq\tilde{M}$ and
$\langle(\dot{\mathfrak{f}}_{s}$ : $s\in\dot{X}\rangle$ so $\mathrm{t}\mathrm{h}\mathrm{a}\mathrm{t}$ ,
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1. $M\subseteq\dot{X}$ ,
2. $\langle\dot{\delta}_{s}.’ s\in\dot{X}\rangle$ is a quasi-tree of type II functions,
3. for a,ll $s\in\dot{X}\backslash$ , $q$ I $s|\vdash\delta_{s}\subseteq.\dot{f}$ , and
4. for a,ll $s\in\dot{X},$ $|\delta_{s}|>g_{\Gamma_{\overline{x}^{1}}(}s$ ) (0).
Using Cla, $\mathrm{i}_{\mathrm{l}}\mathrm{n}1$ , for a,ll $s\in\omega^{<\omega}$ we can $\mathrm{t}\mathrm{a}1\{\mathrm{e}_{J}$ a tentatcle tree $\dot{T}_{s}\in \mathrm{V}$ so $\mathrm{t}\mathrm{h}\mathrm{a},\mathrm{t}$
for all $\mathit{8}\in\omega^{<\omega}$ ,
1. $\mathrm{B}(\dot{\tau}_{S})$ is $g_{s}$-thin, and
2. there is $a_{s}\in[\omega]^{\omega}$ such $\mathrm{t}\mathrm{h}\mathrm{a},\mathrm{t}$
$(\mathrm{a},)$ for a,ll $i\in a_{S},\dot{\delta}_{s^{-}\langle}i\rangle$ $\in{\rm Max}(\dot{T}_{s})$ , a,nd
(b) $\mathrm{d}\mathrm{c}\mathrm{I}(\{\Gamma_{\dot{x}} (S^{-\langle\rangle)}i : i, \in a_{s}\})$ is $\omega$-branching above $\Gamma_{\dot{X}}(g)$ .
Fix $s\in\omega^{<\omega}$ . Let $\{i_{;}. : j\in\omega\}$ be an enulneratiry $\mathrm{n}$ of { $\mathrm{p}\mathrm{r}\mathrm{e}\mathrm{d}_{\mathrm{d}_{\mathrm{C}}1(\dot{X})}(t)$ :
$t\in \mathrm{S}\mathrm{u}\mathrm{c}\mathrm{c}_{\dot{X}}(s)\}$ . if this set is infinite; otherwise $i_{j}=s$ for a,ll $j<\omega$ . Let
$a_{s}^{\dot{\prime}}.=\{i\in a_{s} : t_{j}\subseteq\Gamma_{\dot{X}}(s-\langle i\rangle)\}$. Note tliat $a_{s}^{\uparrow}$ is infinite for every $j<\omega$ . For
$j<\omega,$ ($\dot{\rho}_{S}^{i}.=\langle\dot{T}_{S}-\langle i\rangle$ : $i\in a_{s}^{j}.\rangle$ . Then $\dot{\varphi}_{s}^{i}.\in A(\dot{\tau}_{s}, U_{s})$ and $1^{\backslash }\mathrm{a},11(\dot{\varphi}_{s}’)\subseteq \mathrm{V}$ .
Return to V. Ta,ke a counta,ble $\mathrm{e}1_{\mathrm{e}111\mathrm{e}}\mathrm{n}\mathrm{t}\mathrm{a}[] \mathrm{r}\mathrm{y}$ substrutcure $N$ of $H(\lambda)$ so thatt
the a,bove $\arg_{\mathrm{U}\mathrm{l}1}1\mathrm{e}\mathrm{n}\mathrm{t}_{\mathrm{S}}$ were done in $N$ . Using Lelllma 3.6, for $\mathrm{e}\mathrm{a}$,ch $K\in S\cap N$
a,nd $U\in \mathcal{U}\cap N$ ta,ke $\psi_{)}\kappa,U\in A(K, U)$ so thatt
1. for all $\varphi\in A(K, U)$ there are $\mathrm{i}_{\mathrm{l}1}\mathrm{f}\mathrm{i}_{11}\mathrm{j}\mathrm{t}\mathrm{e},1\mathrm{y}$ lllany $i<\omega$ with $\varphi(i)=l^{)}K,U(i)$ ,
a,nd
2. $1^{\cdot}\mathrm{a},11(\prime l^{f}K.U)\subseteq N$ .
By $\mathrm{L}\mathrm{e}!.111\mathrm{l}\mathrm{l}\mathrm{a}3.7$ , there is $\tilde{p}\leq p\mathrm{r}\beta$ such $\mathrm{t}\mathrm{h}\mathrm{a},\mathrm{t}$ , for all $K\in S\cap N$ and $U\in \mathcal{U}\cap l\mathrm{V}$ ,
$I^{J}\sim$ forc.es
for a,ll $\varphi\in A(K, U)\cap N[\dot{G}_{\beta}]$ , if $\mathrm{r}\mathrm{a},\mathrm{n}(\varphi)\subseteq N$ , then there are
$\mathrm{i}\mathrm{n}\mathrm{f}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{i}\mathrm{l},\mathrm{e}\mathrm{l}\mathrm{y}$ llla,ny $i<\omega$ with $\varphi(i)=’\psi)K,U(?.)$ .
In ]) $\mathrm{a},1^{\cdot}\mathrm{t}\mathrm{i}\mathrm{c}\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{l}\mathrm{r},$ $l^{\sim}$) forces
$(^{*})$ for a,ll $s\in\omega^{<\omega}\mathrm{a}\uparrow \mathrm{n}\mathrm{d}j<\omega$ , there are infinitely lIlany $i<\omega$
with $\dot{\varphi}_{s}’(i)=\psi_{K,U}’(i)$ .
$\mathrm{W}\mathrm{i}l1_{1}\mathrm{o}\mathrm{U}\mathrm{t}$ loss of genera,lity we $\mathrm{c}\mathrm{a},\mathrm{n}\mathrm{a},\mathrm{s}\mathrm{s}\mathrm{U}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{e}$ tha,t $\tilde{p}|\vdash_{\beta}\dot{T}_{(\rangle}=T$ for sollle
$7^{\urcorner}\in N$ .




3. $C_{n+\mathrm{l}}=$ { $s^{-}\langle i\rangle$ : $s\in C_{n}$ and $i,$ $\in \mathrm{d}_{011}1(\sqrt JI\mathrm{s}’..,U_{\epsilon}.)$ },
4. $l\zeta_{S^{-\langle \mathrm{i})}}=\uparrow/$) $Ii_{\mathrm{e}}.,u_{\mathrm{e}}.(i’)$ for all $s^{-}\langle?’\rangle\in(_{\text{ }n+1}^{\gamma}$ .
$\mathrm{I}_{\lrcorner}\mathrm{e}_{J}\mathrm{t}c=\bigcup_{?\iota<\omega}C_{n}$ a,nd $K=\cup\{I\mathfrak{i}^{r_{S}} : s\in C\}$ . It is easy to see that $I\iota’$ is a skip
$\mathrm{b}\mathrm{r}^{r}\mathrm{d}\cdot 11\mathrm{c}\mathrm{h}\mathrm{i}1$ tree.
Clailzl 2. For all $s\in\omega^{<\omega},$ $\mathrm{B}(Ii_{\Gamma c(_{S})}’)$ is $g_{s}$ -thin.
Proof. 11]duction on the length of $s$ . The case $s=\langle\rangle$ is clear. Assume
$s=t^{-}\langle i\rangle$ . Let $s’=\Gamma_{C}(s),$ $t’=\Gamma_{C}(t),$ $a=\mathrm{d}_{0\ln}(?/)Ii,,U,)tt’ i’=\Gamma_{a}.(i)$ and $u=$
$t^{\prime-}\langle i\rangle$ . Note that $s’=t^{\prime-}\langle i’\rangle$ and so $I\mathrm{i}_{\Gamma_{C}()}^{r}S=I\zeta_{s’}=I1_{t’}^{\Gamma}-\langle i’\rangle=?/)I\mathrm{i}_{t}^{r},,U\mathrm{f}’(i’)$ .
Since $l^{/J}\mathit{1}\mathrm{s}$ ”$Utt’(i’)\in S(U_{t^{l(}}\Gamma_{O}^{-}1(i/)))=S(g_{v}),$ $\mathrm{B}(I\zeta_{\Gamma_{C}(}s))$ is $g_{u}$ -thin. On the
other $\mathrm{h}\mathrm{a},\mathrm{n}\mathrm{d},$ $s(j)\leq u(j)$ for all $j<|u|$ and so $g_{s}(k)\leq g_{v}(k)$ for a,ll $k<\omega$ .
Hence, $\mathrm{B}(I\mathrm{i}_{\Gamma_{C(S)}}’)$ is $g_{s}$-thin. $\square$
$\mathrm{S}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{c}\mathrm{e}\mathrm{B}(K)\subseteq\cup\{\mathrm{B}(IC_{s}):S\in C\},$ $\mathrm{B}(K)$ is g-thin.
Work in $\mathrm{V}^{\mathbb{P}_{\beta}}$ below $\tilde{p}$ . By induction on $\iota\iota<\omega$ , define $\dot{D}_{n}\subseteq C_{n}$ by
$\rfloor.\dot{D}_{0}=\{\langle\rangle\}$ ,
2. for $s\in\dot{D}_{71}$ and $j$. $<\omega,\dot{D}_{\dot{s}}’=$. { $s^{-}\langle i\rangle\in G_{\text{ _{}n+1}}$ : $i\in \mathrm{d}_{0}\mathrm{n}1(\dot{\varphi}_{s})$ and $\dot{\varphi}_{\dot{s}}^{;}(i)=$
$’\sqrt)I\{‘,U’..(\mathrm{e}i,)\}$ , a,nd $D_{n+1}=\cup$ { $D_{S}^{j}$ : $s\in\dot{D}_{7\mathrm{L}}$ and $j<\omega$ }.
Claim 3. For all $n<\omega,\tilde{p}|\vdash_{\beta}’‘ for$ all $s\in\dot{D}_{n_{2}}I\mathrm{i}_{s}^{r}=\dot{T}_{s}$ ”.
Proof. Ea,$\mathrm{s}\mathrm{y}$. $\square$
By $1,1_{1}\mathrm{e}\mathrm{a}\mathrm{b}(\mathrm{v}\mathrm{e}$ clailIl and the property $(^{*}),\tilde{p}$ forces
for $\mathrm{a}_{\beta}11?l<\omega$ a,nd $s\in\dot{D}_{n}$ and $j<\omega$ , there a,re infinitely lnany
$i<\omega \mathrm{w}\mathrm{i}\mathrm{t}]_{\mathrm{l}}s^{\wedge}.\langle i\rangle\in D_{s}^{i}.$ .
Define a $\mathrm{P}_{\beta}$.-name $\dot{r}$ by $| \vdash_{\beta}\uparrow^{:}=\bigcap_{n<\omega}.\cup\{\dot{q}\mathrm{r}\Gamma_{\dot{\chi}}(S) : s\in\dot{D}_{n}\}$ . By the con-
$\mathrm{s}\mathrm{t}_{\mathrm{l}\mathrm{u}\mathrm{C}}\mathrm{t}\mathrm{i}(\mathrm{l}\mathrm{l}$ of $D_{7l}$ , for a,ll $n<\omega$ and $s\in D_{n},$ $\mathrm{d}\mathrm{c}1(\{\Gamma_{\dot{x}}(t):t\in \mathrm{S}\mathrm{u}\mathrm{c}\mathrm{c}_{\dot{D}n+1}(s)\})$ is
$\omega- \mathrm{b}\mathrm{r}\mathrm{a},\mathrm{n}\mathrm{C}\mathrm{h}\mathrm{i}\mathrm{n}\mathrm{g}$ a,bove $\Gamma_{\dot{X}}(s)$ , a,nd hence $\tilde{p}|\vdash_{\beta}\uparrow^{;}\in \mathrm{B}\mathrm{P}\mathbb{T}$ . Note $\mathrm{t}1_{1}\mathrm{a},\mathrm{t}\tilde{p}$ forces
$\gamma^{;}\leq\dot{q}$ and $\{\dot{q}|s:S\in\dot{D}_{n}\}$ is predense below $\uparrow\backslash$ .
Since $I^{\sim}J\mathrm{f}_{0}\mathrm{l}$ ces
$\{\dot{(}\mathrm{T}_{s} : s\in\bigcup_{n<\omega}\dot{D}_{7\mathrm{L}}\}\subseteq I\iota’$ and $\dot{q}$ I $s|\vdash\dot{\mathit{6}}_{s}\subseteq.\dot{f}$ for a,ll $\mathit{8}\in\omega^{<\omega}$ ,
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we $\mathrm{h}\mathrm{a}$,ve $\tilde{p}|\vdash_{\beta}$ “ $\dot{r}|\vdash.f\in \mathrm{L}\mathrm{i}\mathrm{m}(I\mathrm{i}^{r})$” and hence $\tilde{p}^{-}\langle\uparrow\backslash \rangle 1\vdash O.f\cdot\in \mathrm{L}\mathrm{i}\mathrm{m}(I\mathrm{i}’)$.
Corollary 4.2. Assume that CH holds in V. $The\uparrow\iota$ in $\mathrm{V}^{\mathrm{p}_{\omega_{2}}}$
)
, for$\cdot$ every $b\in$
$\omega^{\omega}$ th $\epsilon re$ is a set $P\subseteq P$ of prcdictors of size $\omega_{1}$ such that, for any.$f\cdot\in$
$\prod_{n<\omega}b(n)th,cre$ is a predictor $\pi\in I^{\mathit{3}}$ predicting $.f$ constantly.
Proof. Choose $\beta<\omega_{2}$ so that $b\in \mathrm{V}^{\mathrm{P}_{\beta}}$ . Work in $\mathrm{V}^{\mathrm{P}_{\beta}}$ . Let $p\in \mathrm{P}_{\beta,\omega_{2}}$ and .f\dot
be $\mathrm{a},$ $\mathrm{p}_{\beta,\omega_{\mathit{2}^{-}}}\mathrm{n}\mathrm{a},111\mathrm{e}$ of afunction ill $\prod_{n}<\omega b(?1)$ . Apply Theorelll 4.1 to get $q\leq p$
aatd a skip branching tree $H$ so that $q|\vdash_{\beta,\omega_{\mathit{2}}}.\dot{f\cdot}\in$ Lim(If). Now it is ea,sy to
find a predictor $\pi$ such that
$q|\vdash_{\beta,\omega_{2}}$ “for a,ll $n<\omega,$ $.\dot{f}(n)=\pi(.\dot{f}\mathrm{r}n)\mathrm{o}\mathrm{r}.\dot{f}(7l+1)=\pi(\dot{f}|(??+1))$”
Since CH holds in $\mathrm{V}^{\mathrm{P}_{\beta}},$ $P=\mathcal{P}\cap \mathrm{V}^{\mathrm{l}\mathrm{P}_{\beta}}$ sa,tisfies the $\mathrm{r}\mathrm{e}\mathrm{q}_{\mathrm{U}}\mathrm{i}\mathrm{r}\mathrm{e}\mathrm{l}\mathrm{I}\mathrm{l}\mathrm{e}\mathrm{n}\mathrm{t}$ . $\square$
By Corolla,ry 4.2, $\theta_{\mathrm{u}\mathrm{b}\mathrm{d}}=\omega_{1}$ holds in $\mathrm{V}^{\mathrm{P}_{\omega_{2}}}$ . On $\mathrm{t}\mathrm{h}\mathrm{e}_{d}$ other hand, by Propo-
sition 2.6, ($j_{\omega}=\omega_{2}=2^{\omega}$ holds in the sa,llle lllodel.
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